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Preface

This report describes some experiences with the estimation of
parameters in nonlinear differential equations. The work was done
as part of work in a group on biomathematics and a group on stiff
differential equations. The program used is written in ALGOL 60 and
has been run on the EL X8 computer of the Mathematical Centre.
After an exposition of the method, a detailed description of the

procedure is given and a number of solved problems are shown in
detail.



1. Introduction

In this report we shall be concerned with a problem which arises
from experimental science. In order to predict the behaviour of
systems, an experimental scientist not only wants to describe
phenomena phenomenologically, but he also wants to construct a
model of the process under consideration. Often a mathematical
representation of the model will be given by a system of
differential equations in which a set of parameters is not known
a priori. These parameters have to be determined on the basis of

experiments.

Mathematically stated, the problem is this: A set of n

. . . *
differential equations 1s given

d =
a—-Ey-—f(t,yaP) (1'1)

where Prepresents an m-vector of parameters. In the process
considered, p has the value p*, but p* is not known. Some
components of the vector y can be measured for different values
of t, but these measurements are affected by some random errors.
It is assumed that the form of f is known, together with some
statistical properties of the measurement errors. The problem

is to deduce an estimate p of the vector p*.

With vs (1 £ i £ N) we denote the observed value of some
component y at time t- Thus the index i identifies an
observation and also determines what component of y has been
observed. So we have a set of observations {yi}, a corresponding
set {ti} (t1 Sty S ... S tN) and, for some p, we can compute

a set of theoretical values y(ti,p) . The problem now seems

to be quite simple: we define the N-vector

¥(p) = (y(t;.p) - y;) 1=1i <N (1.2)

and we define

*
) We use vector notation throughout, so p € R,

yeRxE >R, feR xR xR >R etc..
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stp) = || ¥(®)[5=1 (vl op)r;)° (1.3)

the sum of the squares of the discrepancies. Using an integration
procedure to solve y(ti,p), we can solve the problem stated by
minimizing S(p) using standard techniques.Even when we assume
that the minimum is unique and that the function S(p) is the

best one to minimize (this can be justified under certain
conditions), the question still remains as to how badly

conditioned the problem is. I.e. how small a perturbation in

some values of y. will cause how large a variation in the
minimizing vector p. In relation to this question it is clear
that not only an estimate of p* has to be determined but also

an estimate of its reliability.

In this report we will assume that the measurement errors are
statistically independent and that they have a Gaussian
distribution with zero mean and variance 02. Thus the covariance

matrix of the vector of errors n is
= o°1 (1.1)
and the probability density of n is given by

p(n) = (2WO)—N/2 exp (- ||n|!2/202).

. The method

2.1. The dependence of Y(p) on p

The solution of the differential equation (1) can be
considered to be a function of t as well as a function of

p. We consider the difference between two adjacent solutions
y1(t,p) and y2(t,p+6) of equation (1), both starting at
y1(0,p) = ye(o,p+6) = ¢. We compute the perturbation due to
this small change in p.

d
Eﬁ: y1 = f(t3y1 ;P) y.l(O) = C (2.1)
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d —
5. Vp = £(t,y,5p*8) y,(0) = ¢ (2.2)

Expanding (2.2) in a Taylorseries and keeping only first

order terms in §, we obtain

d —
where
_ 49

1

ig an n X n matrix and

FP = (%5 £ (t,y,p)) (2.5)

is an n X p matrix, both matrices being functions of t,p

and ¥qo but not of § or YoV

It would be expedient to know how the computable values
y(ti,p) depend upon small variations § around p. Since
equation (2.3) enables us to construct the differential

equation which defines

YP = %5 v(t,p), (2.6)

we use (2.3) and write

3 4 _ p
5 & y(t,p) = FP + FY.5 y(t,p) (2.7)
or, in shorthand,
d vp = Fp + FY.YP . (2.8)
at

This is a system of n x m differential equations. If we
solve this system together with system (1.1), we are able

to compute

Alp) = %y(t.,p), (2.9)
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an N x m matrix, giving the dependence of Y(p) (see

equation (1.2)) upon variations to p.

Minimizing S(p)

Consider the function S(p) defined by equation (1.3). The
value p that minimizes S(p) is an estimate of the true
value p*. In equation (1.3) y is a nonlinea: function of p.
Without some further assumptions the analysis would there-
fore be too involved to give hope of useful results. This
difficulty is dealt with by assuming that p is a
reasonably good approximation to p. Using a generalized
Newton-Raphson technique we linearize the nonlinearity for
small departures Sép from p.

Suppose that p is a trial vector and 8p is the required
correction (p+ép = p). The residual vector Y(p) is

approximated by a linear function of the parameter
Y(p) = Y(p-8p) = Y(p) - A 6p

and for the residual function

S(p) = s(p+sp) = || Y(p+8p) ‘|2

|| ¥(p) + a(p) og]|?

43

1Y) + 26pTATY + 6p ATAsp

The approximating function to S(p) has a minimum at the

point given by the normal equations
T T
A (p)A(p)Sp = - A (p) Y(p). (2.10)

If the matrix ATA is nonsingular, this equation determines

Sp from Y(p).

In the linear theory p+Sp so determined would be the required

solution and the minimum value of S attained there would

e



be

T

112 - sp a’aso (2.11)

s(p) = ||¥(p)

In general, S(p+ép) will not be the minimal value of S and
the whole process is repeated using p+Sp as an approximation

to p for the next iteration.

The process we use has the same order of convergence as
gquasilinearization has (see: Bellman and Kalaba [ 1965]1). The
latter process often is called quadratically convergent. In
fact, both processes have 2nd order convergence only in the
case that the observed values are exact in all decimal
places, otherwise they have 1st order convergence

(Willems £972]). So we prefer to speak of first order

convergence.

If it appears that S(p+sp) > S(p), some other techniques

are applied. Firstly the method of steepest descent is used,
with p as a point of departure. For this purpose the gradient
vector r= -AT(p} Y(p) is calculated and a new trial step is

executed with
2 2
sp = r ||r||%/]]ar]]

If even with this Op it appears that S(p+ép) > S(p), the
direction of the step is not changed, but a relaxation factor
is used, the step op is multiplied by S(p)/(S(p)+ S(p+sp))

and a new trial step is executed from p.

3. Statistics

Let p be the final estimate of p so that S(p) 2 S(p) for all p:
we assume that the linear theory holds in a sufficient large

neighbourhoud of p.

For the perturbations n of the observed values y; we assume an

N(O,oz) distribution and so it follows from equation (2.10) that
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the estimated value p will also be normally distributed. We define
§p =p - p* , hence the expectation of &p will be zero when

p = 5 . Ve are also interested in the covariance matrix of

8p, i.e. the expected value of GpépT.

T

E(spspr) = E((AT4)7" aTy vTa (aTa)™") =

T

= ") i

771 AT B(ryT) & (aTa)! = o° (aTa
From this covariance matrix we derive rij’ the correlations
between the estimates épi and dpj.
Q..
1 . T
r.. = with q.. = (A74)..
iJ 433953 ij ij (3.1)
By equation (2.10) 8p is a linear function of Y. Hence its
probability density will be Gaussian and will be given by

p(sp) = ((210)™ aet((a74)™"))™? exp(-spTaTasp/202)

From (2.11) follows immediately

T

||2=s(1§)+§P_TAA§R.

| [x(p+sp)

TATA§2/02 and S(_ﬁ_)/o2 have

a x2 distribution with N, m and N-m degrees of freedom,

Now it is clear that IIXI[2/02, &p

respectively. An estimate of 02 is given by

2 = 8(3)/(8-m) = || ¥(F)]]%/(@-m) (3.2)

The confidence region at level o is the ellipsoidal region

T -
spT ATA §p < = 8(5) F_(m,N-m), (3.3)

where Fa(n,N—m) is the a-point of the F-distribution with m and

N-m degrees of freedon.
The principal axes of the ellipsoidal region are given by the

1 .
eigenvectors of ATA and the length of the axes is Ai_ /2(7("i is the

eigenvalue of the corresponding eigenvector).
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The confidence limits for each estimate, supposing that the

other estimates are exact, are

p; * 6p;

where

8p, = J/—:—-s(i) Fa/(ATA)ii (3.4)

Other confidence limits for the individual estimates

(independently) are

el
I+
o
e}

where

8p, N-m ATR) .

= ) Fa(aa)?! (3.5)

i
The geometrical interpretation is that the tangent planes
to the ellipsoiId with normals to the direction i are at a
distance 6pi* from the centre of the ellipsold and that the axis i
intercepts the ellipsoid at points Gpi from the centre.

Clearly épi < Spi*.

Integration of the differential equations

The system of the differential equations which we have to
solve in each iteration step of the optimizing process is, in
general, a rather large one. In the system we distinguish two
parts

1. [see equation (1.1)]

d
T v(t.p) = £(t,y,p) (Lh.1)

a coupled system of n differential equations.
2. [see equation (2.8)]

d

= YP = FP + FY.YP . (h.2)
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This is a set of m systems; each system consists of n

differential equations and is coupled with system (4.1).

The structure of the system (L4.1-4.2) as a whole can be clarified
by writing:
1) the system (4.1 - L.2) as

vy =f*
=f +f
Tp1 T e T Ty ey (1.3)
y =f +°f
Yom = fpu T Ty Ypm
where ypi = ay/api, fpi = Bf/Bpi and

fy = 3f/dy the Jacobian matrix of the system (k.1).
and by writing

2) the Jacobian matrix of the system (L.1-L.2) as

£ 0 vieeu. O
N
J = f f 0 L. L
Dy A ’ ( :
0 J
T
pyn Y/
where fPyi = B(Bf/epi)/ay-

In this Jacobian matrix the one way coupling of the system is
clearly demonstrated. Besides we notice that the eigenvalues of
J are all the same as the eigenvalues of fy, and so the

stability behaviours of system (L.3) and system (4L.4) are similar.

In order to solve the system, linear multistep methods are used.
Essentially, the integrating procedure used ("multistep"), is the
came as the one described in Hemker [1971]. This procedure uses
variable steplength and variable order. In the case of stiff
differential equations the procedure switches from Adams-Moulton

to stiffly stable methods.

In order to solve (4.3) efficiently, we make use of the particular
structure mentioned. In each step of the integrating process,

equation (L.1) is solved as a independent system. When this part




of the integration has been succesfully completed, the m systems
of equations (4.2) can be solved with only a little work. We

will show this in more detail.

Since we only use implicit linear multistep methods,the solution

of one integration step

v =£(y)
corresponds to the solution-of the nonlinear equation

y, =08 fly) + e, (4.4%)
where @n contains the information about a number of completed

steps. After the choice of a suitable starting value I this

equation is solved with a modified Newton-Raphson method
- =1 W
pii¥n = Iy - (T8 (y € -nef(y )). (B5)
When we solve the system of differential equations

£(y)

e
I

5
L1}

+ f w
gly) -

we make use of the one-way coupling of the system. In each

step, we have to solve the nonlinear system

v hB f(yn) + fﬂ (L.6)

n

W

, = 08 ely ) + 8 fy(yn).wh Y (L.7)

We do not iterate this system simultaneously, but we solve the
nonlinear equation (4.6) by the iteration process (4.s5), we
substitute the computed value of y_ in (4.7), and we solve the
linear equation (4.7) directly. For the solution of this linear
equation one needs (I—thy(yn))_1: the same factor that will be
used in (4.5).

The solution of the system (4.3) is obtained in the same way. In
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each step of the integration process, the first system of n
equations (4.1) is solved by iteration. When this iteration has
been completed, each of the msystems of the n equations (L.2)
is solved directly. Each one of these m systems needs the L-U-
decompsition of one and the same matrix I-thy(yn). Moreover,
this L-U-decomposition can be used again in the next modified
Newton-Rephson iteration. This implies that each step in the
solution of (4.3) only involves:

i) 1 or more (up to 3) evaluations of f.

ii) 1 evaluation of fpi’ for i = 1,8,0000.. ,m.

iii) 1 evaluation of f_.

Each evaluation of fy involves an L-U-decomposition of

I-—thy and each evaluation of f or fpi invglves an execution of
the second stage of the Gaussian elimination.

When, during an integration step, it appears that the iteration
process (4.5) does not converge or that the local error bound
is exceeded, the step length is changed and the work mentioned
in i) and iii) has to be repeated.

We notice that the possibility of coupling the integration of
(4.2) with the integration of (L4.1) with this ease, depends
cruxially on the form of the linear integration formula (L.u%y,

It cannot be done, for instance, with Runge-Kutta methods.

We use another feature of the integration method. On an interval
containing some meshpoints, the linear multistep methods
approximate the solution of the differential equation to a
polynomial of a certain degree. As a consequence, there is no
need to take the meshpoints of our integrating procedure
together with the points {ti} where the solution is wanted. The
solution is obtained by interpolating the approximating

polynomial.

The procedure odeparest

5.1. General remarks, users manual

Although we know that the iteration process has first order
convergence, it is evident that in most practical (nonlinear)

problems, we cannot say anything about the a priori fitness




of a first estimate. This reason, and others that make

parareter estimation an art rather than only & computing

technigue, lead us o g

in printed form. This prevents the use, without
e

inspectation, of the results as & starting point for further

The input of the procedure can be divided into four parts:

1. The system of differential eguations which defines the

problem, together with its initial values.
- L]

2. The observations to which the parameters will be

adjusted.

n

3. A first estimate of the parameters, together with some

upper and lower bounds for them.

4. Some actual parameters of the procedure, by which the

optimizing and integration processes will be controlled
and one actual parameter which specifies the confidence

region desired.

Now we shall treat these four items in detail.

1) The system of differentisl equations defining the problem

hes to be supplied by the user as a set of sub-procedures
for the procedure odeparest. Four procedures are needed:
a) a procedure which identifies the function f (see

equation 1.1).

is is & procedure with the heading procedure call

{r); value r; real r;.

T

By this procedure the values of the left hand part

of (1.1), multiplied by the real value r, will be

aessigned to the array elements of fl1:nl.

b) a procedure which identifies the Jacobian matrix of the
vector-function f. (I.e. fy in the equations L4.3 and L.L4).
This is & procedure with the heading procedure call

fy(r); velue r; real r;.

By this procedure the values of the partial derivatives
of fi with respect to Y; multiplied by & real value r,
will be assigned to the array element fy[i,jl.

¢) & procedure which identifies the partial derivatives of f

with respect to p.
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This is a procedure with the heading procedure call X

fp(r); value r; real r;.

By this procedure the value of Bfi/apj * r will be

assigned to the array element fpl1,j].

& procedure by which the initial values of equation
(1.1) are supplied.

This is a procedure with the heading procedure call
ystart;

By this procedure the initial values of y are assigned
to the array elements y[0,i] (1 <1 < n). However, the
procedure has to do another job: some positive values
have to be assigned to the array elements ymax[1i]

(1 ¢ i <£n). The desired value of ymax[i] corresponds
to an estimate of the maximal absolute value of y on
the integration interval. If no estimate can be given,
the value 1 can be assigned. (For a detailed description
of the use of ymax see the manual for the ALGOL 60.
procedure MULTISTEP, Hemker [19711).

N.B. 1. Note that the structure of the system is
completely determined by f.fy and fp can be
derived from f. However, by supplying fy and fp
in an analytic form, we are able to solve our
problem efficiently.

N.B. 2. f, fy and fp are functions of £, y and p. These
values of t, y and p can be obtained from the
identifiers (array elements) x, y[0,i] (1 < i < n)
and par[i] (1 < i < m) respectively.

N.B. 3. The initial values may be functions of the para-
meters p. In that case the initial values of
3y/3p also have to be supplied; thus it is useful
to know that ayi/apj corresponds with
y[0,n*j+i].

N.B. 4. Since procedure call ystart is only called once ‘
during the integration of an interval, and since
"eall ", "call fy" and "call fp" are used many
times, assignments of the constant value zero to i
an element of f, fy or fp will be placed in "call
ystart".
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2) The observations to be fitted to, and

3) the first estimate, upper- and lower-bounds of the

parameters, are ashed for by means of a call of the

procedure 'data' from the formal parameter list of

the procedure 'odeparest'.

The actual declaration of this procedure has the

heading

procedure data (nobs, tobs, cobs, obs, npar, parlbd,
par, parubd);

integer nobs, npar; integer array cobs;

array tobs, obs, parlbd, par, par ubd;.

nobs and npar are inputparameters, indicating the number

of parameters, m, respectively. For each observation a

value is assigned to

tobs[i], cobs[i] and obsl[i] (1 <€ i < nobs)

tobs[i] - the time of observation

cobs[i] - the component of y observed (1 < cobs[i] < n)

obs[i] - the observed value of the component cobs[il]

of y at the time tobs[ilJ.

If the time, corresponding to the starting values

(given in 'call ystart') does not equal zero, this time

has to be provided in tobsl[Ol.

The observations have to be ordered such that tobs[i] <

tobs[Jj] if 1 < j.

For each parameter in the system (1.1), values are

assigned to

parlbdlil, par[i] and parubdlil] (1 £ i < npar)
par[i] - a first estimate of the i-th parameter.
parlba[i] and parubd[i] - lower- and upper-bounds,
respectively, for the parameter value.

N.B. 1. The procedure 'odeparest' only solves the un-
constrained optimization problem; parlbd and
parubd are provided only to prevent some
unwented effects (e.g. f, fy and fp may be
undefined outside the indicated parameter
region.

N.B. 2. If the value of 'nobs' is decreased by the

procedure 'data', only the first 'nobs' (new

value) observations will be used during the calculation.
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If the value of 'npar' is decreased by the

procedure 'data', only the first 'mpar' (new

value) parameters will be adjusted.

L) Before we explain the formal procedure parameters

of the procedure 'odeparest', by which the process is

controled, we give the heading of the procedure:

procedure odeparest (n, nobs, npar, data, itmax, converge,

eps, meshp, stiff, fa);

value n, nobs, npar, itmax, converge, eps, meshp, stiff,

fa);

integer n, nobs, npar, itmax, meshp; real converge, eps,

boolean stiff; procedure data;

The actual parameters corresponding to the formal para-

meters are:

n

nobs

npar

data

itmax

converge

< integer expression >;
the number of equations of system (1.1).
< integer expression >;
the number of observations: N.
< integer expression >;
the number of parameters: m.
< procedure >;
this procedure is described in item 2 and 3.
< integer expression >;
the maximum number of iterations of the
optimization process.
< real expression >}
The optimization process is deemed to have
converged if the final (estimated)
improvement in S(p) (i.e. |S(p)-S(p+8p)|) is
less than

converge * S(p)
This test arises from the fact that the
difference between S(p) and S(p), evaluated

on the boundary of the confidence region, is

m
N-m FOL(m, N"m) * S
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It seems reasonable that some small function
fraction of this should be used as convergence
criterion.

eps : < real expression >;
a parameter which controls the relative local
error bound during the integration process.
During the last iteration step of the
optimazing process eps is replaced by eps/10.

meshp : < integer expression >;
the maximal number of meshpoints that will
be used by the integrating procedure, between
two different observation times tobsli] and
tobsli+1].

stiff : < booclean expression >;
In order to make efficient use of the
integrating procedure, 'stiff' can be set
true, if the user knows that stiff differential
equations will be integrated.

fa : < real expression >;
F&(m, N-m), fa is the a-point of the
F-distribution with npar and nobs-npar degrees
of freedom. The confidence regions at level a

will be printed.

OUTPUT.,

As we mentioned before, a call of procedure 'odeparest'

only results in some printed output.

This printout can be of three kinds.

1) Results for each iteration, associated with the fitting
of the data.

2) Diagnostic printout.

3) Final results, which include parameter values,

confidence regions, correlation- and covariance-matrices.

We describe the printout in more detail.
1) An iteration is called successful, if S(pnew) < S(pold)
holds for the new estimate Py of p.
a) Each successful iteration results in the printout
'iteration number' and the number of the iteration

performed. The following additional results will be
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'computed residue': IlY(p)||§ (see equation (1.2))
' computed standard error': (l]Y(p)|{2/(N~m))%
'estimated residue' : || Y(p+6p)l|2

'estimated standard error': (||Y(p+6p)|l2/(N—m))

=

'corrections for parameters': Gpi (1 <1 <m)
'parameter value': (p+6p)i (1 <1i<m)
These additional results will also be printed after
the messages:
b) 'boundary constraints jump':
the calculated new parameter value violates the
boundary constraints. Linear interpolation gives
the maximal permissible jump in the computed
direction.
c) 'plus ulta':
even on the boundaries of the permissible region the
minimizing vector p seems to be beyond these
boundaries.
d) 'steepest descent':
the last iteration step was not successful. The old
value of p is maintained and a step according to the
method of the steepest descent is executed.
e) 'relation par’:
even steepest descent was unsatisfactory; the last
jump is repeated with a relaxation factor
s(p)/(s(p)+s(p+ép)).
Diagnostic printouts are:
'stroﬁg nonlinearity'’
The differential equation seems to be a very nonlinear
one. This may result in a long computing time, since
integration is continued with a smaller steplength than
specified by 'meshp'. This diagnostic can be avoided
by choosing a larger value for 'meshp'. However, this
will not avoid the evil. This diagnostic also can
eppear when fy doesn't represent the Jacobian matrix
correctly.
'linear dependence in (dy/dp) [i]'
The matrix A?A seems to be singular. The initial
estimate or the set of sample-times {tobs[i]/1<i<N} are

not appropriate to solve the problem. This diagnostic
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may also occur if fp is not represented correctly.
'the equation was found to be stiff at t='
This message isonly given if the formal parameter
stiff = false. If the equation appears to be stiff in
the greater part of the integration, it will be
efficient to set stiff = true.
'some little problems with stiffness < number >'
This message is given if a stiff differential
equation is solved. The < number > indicates the number
of times that the relative local error bound eps is
exeeded. If it is a large number (™~ meshp) it may be
better to choose a larger number for meshp.
During the last two iterations, information about the
confidence region and the linear correlation between
the parameters is printed.
This information involves:
a) the conditional confidence interval:

the values 8p, (see equation 3.L4).
b) the independent confidence interval:

the values Gp; (see equation 3.5).
¢) the correlation matrix,
d) the covariance matrix and
e) the principal axes of the confidence region.

For detailed information see section 3.
The last iteration is a special one. It computes
y(ti,p) with an accuracy eps/10 and it computes

p+ép even in the case S(p+ép) ¥ S(p).

The procedure text
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procedure odeparest(n,nobs,npar,data,itmax,converge,eps,meshp,stiff,fa);
value n,nobs,npar,itmax, converge,eps,meshp, stiff,fa;
integer n,nobs,npar,itmax,meshp; real converge,eps,fa; boolean stiff;
begin comment The procedures: call ystart,call f,call fy,call fp

define the problem supplied by the user.

The four procedures inserted here only are examples,

procedure call ystart;

begin y[0,1]):= ymax[1]:= ymax[2]:= 1; y[0,2]:= O end;

procedure call f(r); value r; real r;

begin fl1]:= —rx{({1=y[0,2])xy[0,7] — par(2]xyl0,2]);

f[2]:= rxpar[1]x((1-y[0,2])xy[0,1] -
(par[2]+par[3])xy[0,2])

]

end;

procedure call fy(r); value r; real r;

begin ty[1,1]:= —rx(1-y[0,2]);

fyl1,2]:= rx(par[2]+y[0,1]);

fyl2,1]:= rxpar[1]x(1=y[0,2]);

fy[‘2,2] = —rxpar[1Ix(par[2]+par[3]+y[0,1]);
end;

procedure call fp(r); value r; real r;
begin tpl1,1]:= 0; £p[T,2]:= rxy[0,2]; fp[1,3]:= 0;
£pl2,1]:= r( (1310, 21)xy[0,1] — (par(2]+par[31)xyl0,2]);
fp[2,2]:=rxpar[1]xy[0,2];
fp[2,3]:=—r><par[1]><y[0,2]
ggg last procedure declared by the user;

array y[0:7, 1:nX(npar+1) ],ymax,f[1:n],fy[1:n,1:n],fpl1:n, 1:npar];
proc pr(s); begin nlcr; printtext(s) end;
proc f E r); T1ot(5,3,r);

proc pf(s,r); begin pr(s); tab; fl(r) end;

proc out(s,r); string s; real r;

begin int i; if linenumber>50 then new page else nler;
pr(s) print(r);
pf (¥computed residue (stand.dev.)},comp error);
f1(sqrt{comp error/(nobs—npar))),
pf (festimated residue (stand.dev.)},est error);
fl(sgrt(est error/(nobs-npar)));
pr(fcorrections for parameter}); tab;
for i:=1 step 1 until npar do fl(delta par[i]); nlecr;
——T#parameter valueF); tab; tab;

for i:= 1 step 1 until npar do fl(par[il);

end;

boolean first,adams; integer k,kold,same,fails;

real x,xold,h,ch,hold, tolconv,tolup,tol toldwn,ao,

array a[O 7] dd[O 7,0:n],last deltal1:n], jac[1:n,1:n],const[1:45],
tobs[0:nobs], obs[1:nobs], parl, par, parul 1: npar],

int array cobs[]:nobs],pp[]:n];
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procedure multistep(xend,hmin,hmax,eps);

value xend,hmin,hmax,eps; real xend,hmin,hmax, eps;

begin comment This sub—procedure ‘multistep' is essentially the same
as the procedure *MULTISTEP' described in Hemker[1971];

boolean conv; integer 1i,J,1,knew,np;
real chnew,c,error,dfi; array delta,df,yO[1:n];

procedure method;
begin dd[0,0]:= if adams then — 600 else x; i:= ki= 1;
— if adams then - -
begin for const[il:= 1,1,12,2,1,.5,1,.5,24,12,1,5/12,1,.75,
— 1/8,37.89,2k4,2,.375,1,11/12,1/3,1/24,53.33,37.89,1,
251/720,1,25/2k,35/72,5/48,1/120,70.08,53.33, .3158,
95/288,1,137/120, .625, 17/96, .025,1/720,0,70.08,
LO0TLOT do i:= 1 + 1
end else -
begin for const[il:= 1,1,3,2,1,2/3,1,1/3,6,k.5,1,6/11,1,
—  6/11,1/11,9.167,7.333,0.5, .48,1,.7,.2,.02,12.5,
10.42,.1667,120/27k,1,225/27kL,85/27k, 15/27h, 1/27k,
15.98,13.7, .0k167,180/k4k1,1,58/63,5/12,25/252,
3/252,1/1764,0,17.15,.008333 do i:= 1 + 1
end
end method;

procedure order;
begin j:= (k=1) X (k+8) / 2 + 1;
for i:= 0 step 1 until k do al[il:= const[i+j]; a0:= a[0];

Tolup := (epsxconstlj+k+11)A2;
tol = (epsxconst[j+k+2])N2;
toldwn: = {epsxconst[j+k+3])N2;

tolconv: = eps/(2xnx(k+2));
same:= k+1
end order;

procedure evaluate jacobian;
begin call fy( —aOxh);
for i:= 1 step 1 until n do
For j:= 1 step 1 until n do jacli,jl:= fyli,31;
for i:= 1 step 1 wntil n do Jacli,i]:= Jac[i,1] + 1;
det(jac,n,pp)
end evaluate jacobian;

1

procedure calculate step and order;
begin real al,al,a3; same:= 10;

al:= 1if k<1 then O else
0.75%(toldwn/sum( 1, 1,1, (ylk,1]/ymax[11)A2) )N(0.5/k) ;

a2:= 0.80x(tol  Jerror ) A (0.5/(k+1));

a3:= if failsfO then O else

0.70x(tolup /sum(i, 1,1, ((delta[il-last deltal[i])/
ymax[11)A2))A(0.5/ (k+2) );
if a1>a2 A ai>a3 then begin knew: =k—1; chnew:=al ggg else
if a2>a3 then begin knew:=k ; chnew:=a2 end else
begin knew:=k+1; chnew:=a3 EEQ
end calculate step and order;
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procedure reset step;
begin real C3
IF ch < hmin/hold then ch:= hmin/hold else
if ch > hmax/hold then Then ch:= hmax/hold;”
X:= x0ld; h:= hold X "X ch; ci= 13
for j:=0 step 1 until k do
begin for i:=1 step 1 untll n do y[J,il:=adlj, 1] x c;
Ti=cxch

end;
evaluate jacobian;
same:= k + 1

359 reset step;

procedure begin;
begin hold:= hi= hmin; chi= 1; call f(h);
for is= 1 step 1 until n do
begin dd[O il:= y{o 115 dadl1,i]:= y[1,1]1:= £[1] end;
Tails:= kold:= ki= 13 order, evaluate Jacobla_n
end begin;

if first then

begin first:= false, adams: = Tstiff; method;
x0ld:= x; begin; for i:=1,2,3 do dafi,0]:=

end;

for 1:= 0 while x<xend do
begln X:= X+h;

comment prediction;

for 1:=0 step 1 until k=1 do

Tor j:= k=1 =7 step —1 —1 until 1 do

elerW(1 n,J,3+1,¥,¥, 105

for i:= 1 step 1 until n do deltali]:= 0;

P

comment correction and estimation local error;

for 1:=1,2,3 do

begin call T (n);
for i:r=1 step 1 until n do af[i]:= f[i] - yl1,1];
501( Jac,n, pp, df) 3

conv: true,
for i:= 1 step 1 until n do
begln dfl daf(i];
y[0,i]:= y[0,1] + aOxafi;
yl1,il:= y[1,1] + afi;
delta[i]:= delta[l] +dfi;
conv:= conv A abs{dfi) < tolconv X ymax[i]

end;

if.conv then

begin error: = sum(i,1,n,(delta[i]/ymax[i])*Q);
goto convergence

end

e

end;
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comment acceptance or rejection;
if Tlconv then no convergence:
begin if h<mminx1.0001 then
Pegin pr({ strong monlinearity$); hmin:= hmin/k end;
ch:= ch/lL; reset step -
end else convergence:

if error>tol then error test not ok:
begin fails:= fails + 1;
if h>hminx1.0001 then
begln if fails>2 Then
begin k:= 0; reset step; begin end else
begin calculate step and order;
1f knew%k then begin k:= knew; order end;
CTh: = chxchnew/fails; reset step -

end

end else

if adams then

begin adams:= false; method;order;reset step end else

if kF1 then

begin k:=1; order; reset step end else

Pegin dd[2,0]:= dd[2,0] + 1; goto error test ok end
end else —

error test ok:
begin fails:= Og
if k>2 then begin for i:=1 step 1 until n do
elmcolvec(2 K,1,y,a,deltali]) end;
for i:= 1 step 1 until n do if abs(yTﬁTi])>ymax[i]
then ymax[iT:=abs(yl0,1]);
same: = same — 1;
if same=1 then begin for i:=1 step 1 until n do
last deltali]:= delta[i] end else
if same=0 then
Pegin calculate step and order;
if chnew>1.1 then
begin same:= k + 1;
if knew%k then
begln if knew>k then

begin for I =1 step 1 until n do
y[knew, = deltali]xa[k]/knew
end;

k: = knew; order
end,
If chnew> hmax/h then chnew:= hmax/h;
hi=h X chnew; c:= 1,
for j:=1 step 1 until k do
Pegin c:= ¢ X chnew; -
for i:=] step 7 until n do

—1.—3:1] J,l]XC

end

——cam——

end
end;
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for i:= 1 step 1 until n do
Tor ji= O step 1 until k do dd[j,il:= y[Jj,1];

if hk hold then
Pegin ch:= n/hold; ci= 1;
for ji= 1 step 1 until kold do
Tegin c:= cXch; -
" for i:= n+1 step 1 until nnp do
Y03, 1):= yl§,TT%e;
ggg; hold:= h;

end;

If k>kold then

For i:= n+1 step 1 until nnp do ylk,1i]:= O;
Kold:= k; xold:= x; chi= 1;

evaluate jacobian; call fp(h);

for i:= O step 1 until k—1 do
Tor j:=k—1 “step —1 T until i do
elmrow(n+1, nnp,J,J+1,y,y,1),

for j:=1 step 1 until npar do

begln np:= T IXn;
for i:=1 step 1 until n do yO[il]:
For i:=1 step 1 until n do df[i]:
Fpli,j] — matvec(1,n,i,fy,y0)/a0
sol(Jjac,n,pp,df);
for i:=1 step 1 until n do
elmcolvec{0, k,np+1,y,a,df[1]);

y[0,np+i];

H II

y[1,np+i];

end;

end
end step
end multistep;

integer 1i,Jj,1,cobi,iteration,nnp; bool further;

real old comp error,comp error,est error,tobsdif,bound, b, r;

array aux[0:2], em[O 5],delta par,aid, val[1 npar], delta obs[1 nobs],
aa|1:nobs,]:npar],axa,q[1 npar,1: npar], int array ci, ich[1:npar];

aux[0]:= —10; em[O]:= o—11; em[2]:= ~8; em[k]:= Sxnpar;
0ld comp error:= 600; further:= true; tobs[0]:= 0;
data(nobs,tobs,cobs obs, npar, parl, par,paru) ;

mnp:= n + nxnpar; b:= faanar/(nobs—npar),
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for iteration:= 1,iteration+1 while further,iteration do

begin

if Tifurther then eps:= eps710;

comment integration of the differential equations;

for i:= n+1 step 1 until nnp do y[0,i]:= 0; x:= tobs[0];

call ystart; first:= true;

for i:= 1 step 1 until nobs do

begin tobsdif:= tobsli] — tobsli~1]; if tobsdif>0 then
multistep(tobs[i], tobsdif/meshp,tobsdif,eps);
tobsdif:= (tobs[i] — x)/h; cobi:= cobs[i];
delta obs[i]l:= obs[i] — sum(1,0,k,y[1, cobi]xtobsdifAl);
for j:= 1 step 1 until npar do
aali,j]:= sum(1,0,k,y[1,nxj+cobilxtobsdiffl);

end;

comment diagnostic printout;

if further then else

for i:= 1 step 1 until nobs do obs[i]:= delta obs[i];

if lstiff A dd[0,0]F—,600 then

pf(fthe equation was found to be stiff at x =b,dd[0,0]);

if dd[2,0]+0 then

begin pf(¥some little problems with stiffness#,dd[a,o]);nlcrggé;

comment minimization;

comp error:= sum(i,1,nobs,delta obs[i]A2);

0ld comp error:= old comp errorx{l+eps);

if further V comp error<old comp error then

Eggin comment legst squares;
if npar% lsqdec(aa,nobs,npar,aux,aid,ci) then
Pegin pr({linear dependence in (dy/dp)[11%);

further: = false; goto end iteration

end;

Tsgsol(aa,nobs,npar,aid,ci,delta obs);

for i:= 1 step 1 until npar do

begin delta par[i]:= delta obs[i];
par[il:= par[i] + delta par[i]

end;
est error:= sum(i,npar+1,nobs,delta obs[1ilA2);
out(fiteration number},iteration);
end else if est error%o then
begin comment steepest descent;
for i:= 1 step 1 until npar do
Pegin atalI,1]:= Tammat(1,i-1,1,1,aa,aa)+aid[11A2;
par[i]:= par([i]-deltapar[il;
for j:= i+1 step 1 until npar do atal[i,j]:=
atalj,i]:= tammat (1711, 1, j,aa,8a)+aali, jIxaid[i];

end;
for i:= npar step —1 until 1 do if ci[1i]+i then
begin ichcol(T,npar,i,cilil,ata);
ichrow(1,npar, i,ci[i],ata)

end;
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for 1:= 1 step 1 until npar do
T vall[il:= matvec(1,npar, 1,ata,deltapar);
for i:= 1 step 1 until npar do
T aid[i]:= matvec(1,npar,i,ata,val);
r:= vecvec(1,npar,0,val,val)/vecvec(1,npar,0,val,aid);
for i:= 1 step 1 until npar do
Pegin deltapar[il:= bound:= T X vall[il;
par[i]:= par[i] + bound
end; est error:= 0;
out(dsteepest descentd,r
end else
begin r:= comp error/(old comp error + comp error);
if r > .99 then r:= .99;
for i:= 1 step 1 until npar do
Pegin par[i]:= parli] — rxdeltapar[i];
T delta par[i]:= deltapar[ilx(1-r)
end; iteration:= iteration + 1;
eps:= eps/2; further:= iteration < itmax;
out(frelaxation pard,1-r);
goto end iteration

end;

comment constraints; r:i= 1;

for i:= 1 step 1 until npar do

begin 1f parlil<parlli] then bound:=parl[il-par[i] else
T par(il>paruli] Then bound:=parulil-par[i] else
goto through; bound:= 1+bound/deltapar[il;
if bound<r then r:= bound; through:

end,
1f 0<rAr <1 then
Pegin for i:= 1 step 1 untll npar do
-*Begin parlil:= 1] + (r=1)x delta par[il;
deltapar[i]:= deltapar[ilxr
end;
est error:= est error + rxrxX(comp error — est error);
out(4boundary constraints. Jjumph,r);
end else if r<O then
begin for i:= 1 step 1 until npar do
Tif par[l <parl[i] then parlil:= parl[i] else
If par[il>paru[i] Then par[il:= paruli];

out(4plus wltrakb,r);

end;

further:= further A iteration < itmax—1 A
comp error — est error > converge X est error;
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comment statistics;
if 71 further then
Pegin for i:= | step 1T until npar do

r(&principal

end;

begln ata[l il]:=qldi,1]:=
tammat(1 i-1,1,1,aa,aa) + aid[ilxaid[i];
for ji= i+1 step 1 untll npar do
atali, jl:= atalj,i]%= ali,§l:=
tammat(1,i-1,1,j,aa,aa) + aali,jlxaid[i];

end,
1f qrisym(q,npar,val,em)+0 then
pr(fqrisym doesnot converge});
for 1°— npar step —1 until 1 do if c1[1]%1 then
begin ichcol(7,npar,i,cilil,ata);
ichrow(1,npar,i,cil[i],ata);
ichrow(1,npar,i,cili],q)

end;

comment output;

pr({confidence interval (cond.)}); tab;

for i:= 1 step 1 until npar do

TI(sqrt(bxest error/atali, il]));

detinv(ata,npar);

pr(fconfidence interval (indept.)}); tab;

for i:= 1 step 1 until npar do

Fl(sqrt(bxest errorxatali,il]));

if linenumber + 2xnpar>53 then new page else nlcr;

pr(<relationships between parameters#)

pr({correlation matrix}); space(22),

prlnttext {covarlance matri

for i:= 1 step 1 until npar do

begin nlcr; for ji=1 step 1 until npar do
begin if i=j then space(L0); fl(if i>j then

atali,jl/sart(atali, ilxataly;j]) else atali,j])

end;

end; nig?;

axes (direction cos and conf interval along each axis)});

for i:= 1 step 1 until npar do

begin nler; for ji= 1 step 1 until npar do fl(qlJj,i]);
space(5); fl(sqrt{oxest error/val[i]))

end; new page;

old comp error:= comp error; end iteration:

end iteration;
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tobsdif:= tobs[0];
pr(fresiduals, specified for each observation,$);
for i:= 1 step 1 until nobs do
begin r:= tobs[i]; if r>tobsdif then nler else tab;
T tobsdif:= r; =bsfixt(3,0,1); space(3); fl(obs[il])
end

end odeparest;

comment

Procedures used

In the body of procedure 'odeparest' a number of procedures
are not declared. These procedures (library routines of the
EL X8 system of the Mathematical Centre) are:

matvec, tammat, elmrow, elmcolvec, ichrow, ichcol,
det, sol, detinv, lsgdec, lsgsol, qrisym
(see: Dekker [1968] and Dekker and Hoffmann [1968] )

and:

nler, tab, space, print, printtext, absfixt, flot,
new page, linenumber, sum

(see: Grune[1972] ).
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Problems solved

The ESCEP problem

Our first example originates from biochemistry.
A set of couples chemical reactions

k, k.,

—- <

E+ S f— cC —- E+P

T
is given : a catalyst E combines with a reactant S at one stage
and is regenerated in a subsequent stage of the reaction. The
problem is to find the rate constants k,, k_, and k2 from obser-
vations on the overall reaction rate (i.e. velocity of generation

of the product P).

Rescaling the problem in some convenient way (see Heineken
et al.[1967]), we obtain a description of the system as an initial

value problem:

ds/dt = =(1-c)s + qc
de/dt = M((1~c)s = (p+q)e)

s(o0) =1 , c(0) =o0.

Observations on s(t) and c(t) can be made and the unknown (posi-

tive) parameters M, p and q have to be determined.

In order to test our algorithm we generated some experimen-—

tal values s(ti) and c(ti) (i=1,2,...,23) using the parameter
values
M = 1000 ,
= 0,99 ,
q = 0.01

These parameter values require that we are dealing with a stiff

system of diffential equations.
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We can distinguish a short initial period in which c(t) in-
creases rapidly and a period in which the steady state hypothesis
holds. This represents a common type of enzymatic reaction in
biochemistry : after a rapid generation of the complex C there

is a period in which the Michaelis - Menten approximation holds.

We made five different tests:

1) we used 23 observations on each of the two components of the
system, s(t) and c(t).
The observations were taeken from the initial period as well
as from the pseudo-steady state period.

2) Only the 23 observations on the component c(t) were taken.

3) 12 observations were taken on the component c(t) (every ond
observation of test (2) was left out).

L)  Only the 12 last observations from test (2) were used. All
observations are in the pseudo-steady state region.

5) Only the 12 first observations from test (2) were used. Most

observations were taken from the initial period.

We note that in tests 1), 2) and 3) our algorithm works highly
accurate, since the quality of the observations was perfect : (a)
four digits are correct (b) the observations contain information
from the initial and from the pseudo-steady state period. In test
4) the parameter M is only approximately correct (1239 in stead
of 1000) since this parameter, which is responsible for the initial
period, is badly defined by the experimental observations.

In test 5) the parameter M is approximately correct but the other
parameters are not determined at all since not enough information

is available from the pseudo-steady state region.

NOTE : A component of the correlation matrix which approximately
equals one, means that the algorithm cannot fix the para-
meter vector in some linear subspace of the parameter

space.
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6.2.

- 61 -

Bellman's problem

This test problem is taken from an example given in an
article by Bellman c.s. [1967]. It originates from a chemical

experiment on the reaction

-
A

2 NO + O2 2N02
reported by Bodonstein [1922].
The differential equation reads
2 2
dy/dat = p(126.2-y) (91.9-y)" - qy .

The parameters p and q have to be determined from 14 given ob-

servations.

Bellman reports as parameter values and computed residue

(apart from a printing error in his article)

p = LSTT. -5

q = .2193,5 - 5

s 22.7

We note that the 1% confidence regions are

Sp = 31, - 6 and 8q = .h810 - 3.
Our algorithm finds respectively

p = 'hMTO -5 §p = 30,4 - 6

q = .2310 -3 dp = .h310 -3

s = 25,12

The computed residue is slightly greater but the difference is

by no means important.
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6.3.

- 69 -

Gear's problem

This test originates from a problem in Gear [ 1971, p.229-230].

The system of differential equations is

% /at

dz/

-k, ¥y t+k,z (b-z-2y)

2

at = - ky 2 + X, (b-2-2y) (s-z-y) - W/ at

y(0) = 0.25 , z(0) = 0.5 .

Apparently this system originates from the chemical reactions

K,
-
3

Ko

AB + B <—— ABB
ky

with z = [AB] and y = [ABBI.

No solution was given for this problem.
At any rate, the solution found by our algorithm is a sufficient
one since the residuals for each observation are less than the

experimental error (3 digit accuracy)
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6.k,

- 75 -

Barnes' problem

This problem was suggested during the FEBS summerschool on
computing technigues in biochemistry (Edinburgh 1968). The system

of differential equations

dX /¢ = K% - K xy

4/ at

kW - kyy

originates from the chemical reactions

k1
A— A+ A

k2
A+B~ B+ B

k

B -3 C

This is an oscillating system of the Lotka-Volterra type (see
Lotka [1956], Volterra [1931]), which also has many applications

in theoretical biology.

As approximate results for a set of given observations, it is

known that

k, =0.861 % 0.1k
k, = 2.080 * 0.39
ky = 1,816 + 0.k2

confidence interval 1%.

These values agree fairly well with our results.
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Analyzing a sum of exponentials

As another example of parameter estimation we report some
experiences with linear differential equations. Analysing a sum
of exponentials can be considered as the estimation of parameters
in a linear initial value problem. Here the parameters appear as
well in the differential equations as in the initial values.
Since the parameters appear in a nonlinear way,our estimation
problem is a nonlinear one. However, the linearity of the diffe-
rential equation causes a rather efficient use of the integration
method.

We consider the sum of exponentials

v(t) = a + bett 4 ce't .

To this function y(t) we associate a system of linear differential

equations

N

—

ct

~
i

= -y + (A+u)z + Apa .
This system has the general solution

(Y\= c, R e>\t t ey /1\ et ot a\ .
. .

\2/ A B/ 0
With initial conditions

y(0) =a+b +c
z(0)

Ab + uc

this system has the particular solution

a + be>\t + ceUt

z(t) = bekt + ceUt

<
ct
i
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It appears from the general solution that it will be difficult

to determine the parameters in the case that A ® u, In order to
be able to determine the complete set of parameters, it is evident
that the observations should contain information about both ex-
ponentials: some observations have to represent ext (sample times
t, with the order of magnitude 1/)A) and some observations have

to represent eut. The example shown below satisfies these condi-

tions.

In order to make intelligible the details of the example we
give the initial values and functions as they are used in the

program.

Notation y1 =y(t) ; y2 = z(t) ; £1 = y(t) ; f2 = z(t)

Initial wvalues (t=0):

vy =a+b +ec ye = Ab + uc

9f1/%a = 1 3f2/%a = 0

3f1/93b = 1 9f2/%b = A

3f1/3c = 1 3f2/3c = u

af1/3 A = 0 af2/o\ = b

df1/9u = 0 df2/ou = c
Functions

£f1 = y2

f2 = (Ap) y2 + Ap(a=y1)

af1/3y1 = 0 af1/dy2 = 1

3f2/3y1 = ~Au of2/3y2 A+

3f1/%a = 3f1/9b = 3f1/3c = 3f1/3x = 3f1/%u =0

3f2/ob = 3f2/3c
3f2/3a = Au

3f2/3x = y2 + ula-y1)
af2/ou = y2 + A(a~y1)

0
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