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ABSTRACT

In steady hypersonic flow computations, Newton iteration as a local relaxation procedure and non-
linear muitigrid iteration as an acceleration procedure may both easily fail. In the present chapter,
some remedies are presented for overcoming these problems. The equations considered are the
steady, two-dimensional Navier-Stokes equations. The equations are discretized by an upwind finite
volume method.

Collective point Gauss-Seidel relaxation is applied as the standard smoothing technique. In
hypersonics this technique easily diverges. First, collective line Gauss-Seidel relaxation is applied as
an alternative smoothing technique. Though promising, it also fails in hypersonics. Next, collective
point Gauss-Seidel relaxation is reconsidered and improved; a divergence monitor is introduced and
in case of divergence a switch is made to a local explicit time stepping technique. Satisfactory single-
grid convergence results are shown for the computation of a hypersonic reentry flow around a blunt
forebody with canopy.

Unfortunately, with this improved smoothing technique, standard nonlinear multigrid iteration
still fails in hypersonics. The robustness improvements made therefore to the standard nonlinear mul-
tigrid method are a local damping of the restricted defect, a global upwind prolongation of the correc-
tion and a global upwind restriction of the defect. Satisfactory multigrid convergence results are
shown for the computation of a hypersonic launch and reentry flow around a blunt forebody with
canopy. For the test cases considered. it appears that the improved multigrid method performs
significantly better than a standard nonlinear multigrid method. For the test cases considered it
appears that the most significant improvement comes from the upwind prolongation, rather than from
the upwind restriction and the defect damping,.



204 Computational Methods in Hypersonic Aerodynamics

1. INTRODUCTION

1.1. Governing equations
The flow equations considered are the steady. two-dimensional (2D) Navier-Stokes equations
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For a detailed description of the various other quantities used. assumptions made and so on, we
refer to any standard textbook. Suffice it to say here that these are the full., steady. 2D, compressible
Navier-Stokes equations with as main assumptions made: zero bulk viscosity and constant diffusion
coefficients. (So, the flow is assumed to be laminar and its diffusion coeflicients are assumed to be
temperature-independent.) For 1/Re =0, diffusion has vanished and the remaining equations are the
Euler equations.

So far, real gas effects are not taken into account. The specific heat ratio y of the di-atomic gas
considered is assumed to be constant and determined by fully excited translational and rotational
energies only. (Though it could easily be replaced by a function ranging from zero up to the full
equipartition value. the vibrational energy is assumed to be zero.)

1.2. Discretization method

For a description of the basic computational method which is taken as a point of departure. we refer
to Hemker and Spekreijse [1,2,3] and Koren [4,5.6]. Here we give a concise overview of the main
characteristics only. For both the Euler and Navier-Stokes equations, we have considered first- and
higher-order accurate discretizations. Since in solving all types of equations our multigrid solution
methods are applied to the first-order discretized equations only (higher-order discretized equations
are solved in an outer, single-grid defect correction iteration). here we likewise limit the description of
the discretization to the first-order accurate one only.
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The Navier-Stokes equations are discretized in their integral form. The discrete system of equa-
tions is obtained by dividing the integration region Q into quadrilateral finite volumes Q,; and by
requiring that the conservation laws, Equation (la) in integral form. hold for each finite volume
separately. At each volume wall, this discretization requires the evaluation of the convective flux vec-
tor and, additionally for Navier-Stokes, the diffusive flux vector.

For the evaluation of the convective flux vector we use an upwind approach, which follows the
principle of Godunov [7]. For the solution of the resulting 1D Riemann problem. we prefer the
approximate Riemann solver of Osher and Solomon [8] in the P-variant of Hemker and Spekreijse [1].
this for reasons of both accuracy and efficiency (see Hemker and Spekreijse [1] and Koren [6]). The
left and right states in the 1D Riemann problem (which determine the accuracy of the convective
discretization) are simply taken equal to those in the corresponding adjacent volumes, leading to
first-order convection accuracy.

For the evaluation of the diffusive flux vector, we use a central finite volume technique (see Koren
[6]). This technique is second-order accurate, but given the first-order accurate upwind discretization
of the convective terms, the overall accuracy remains first-order.

2. BASIC MULTIGRID SOLUTION METHOD

For the solution of the nonlinear system of first-order accurate discretized Navier-Stokes equations, in
the basic method a standard nonlinear multigrid technique is applied, with collective symmetric point
Gauss-Seidel relaxation as the smoother. The solution process is started by nested iteration. In the
relaxation method exact Newton iteration is used for the collective update of the four state vector
components in each finite volume. Nested grids are applied such that each finite volume on a coarse
grid is the union of 22 volumes on the next finer grid. Let €., 1.9,.2;,.....&, be a sequence
of such nested grids. with @, the coarsest and €, the finest grid. and let Ny(¢)=r denote the non-
linear system of first-order discretized Navier-Stokes equations on Q. with 7, a possibly non-zero
right-hand side related to the multigrid iteration. Then a single nonlinear multigrid cycle and the
nested iteration, as applied in the basic solution method. are defined in the following way.

2.1. Nonlinear multigrid iteration
- Apply on & n,. pre-relaxation sweeps to Ny(¢)=r,.

- Compute the defect d;=N,(g,)—~r; and restrict it to €, 2 d; =1} 'd. where I} " is a restriction
operator for right-hand sides. o
- Compute on the next coarser grid €, ., the right-hand side r, = Ny (g ) —d; - For the ini-

tial estimate of ¢, |, we use the latest obtained ¢; - .

- Approximate the solution of N, .1(¢;- \)=r; | by the application of n, nonlinear multigrid cycles.
Denote the approximation obtained as ¢ . . ‘

- Correct the current solution by ¢;=¢,;+1/ (g —¢; 1). where I, is a linear prolongation opera-
tor for solutions.

- Apply on &, R poy pOSt-relaxation sweeps to Nig)=r.

For /=1, the coarse grid correction is skipped of course. For the restriction operator I; " and
the prolongation operator I; | we take
. 2.
(rr 1) =(I T T () ETR T A o (0 SR R G AT R R R I (2a)
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If not mentioned otherwise, for n1,. 1y and #p, We use in the basic multigrid metho@ alt each
level [: n,=1and nype =npo = 15 de. as nonlinear multigrid cycles we use V-cycles with a single pre-
and post-relaxation sweep per level.
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2.2. Nested iteration

- Choose a (possibly crude) initial estimate g .

- Improve g, by a single nonlinear multigrid cycle as just defined above.

- Prolongate the improved approximation ¢, to {,, yielding an initial estimate for ;.

- Improve ¢, by a single nonlinear multigrid cycle as defined above.

- Continue the previous process until an initial estimate for ¢, has been obtained by prolongation of
qr-1-

The prolongation operator for obtaining the first approximation on each next finer grid may be
the piecewise constant operator (2b) or - preferably - a more accurate operator (for instance a bilinear
operator).

2.3. Numerical results

To give a quick impression of the performance of our basic multigrid method. both outside and inside
the hypersonic flow regime, we consider the following Euler flows: (i) the NACAOQQI2-airfoil at
M, =0.63, a=2° (smooth subsonic flow) and M, =0.85, a=1° (non-smooth transonic flow), and
(i) a blunt forebody with canopy at M ,, =8.15, a=30° (non-smooth hypersonic flow).

2.3.1. Subsonic and transonic airfoil flow. As finest finest-grid for the NACAQ012-airfoil we consider
the 12832 O-type grid given in Figure 1. In all corresponding multigrid cases, as coarsest grid we
consider the corresponding 8 X2 O-type grid. (Hence for the 128 X 32-grid we have L=5.)

For the present two airfoil flows the multigrid convergence histories are given in Figures 2a and
2b.  In  both graphs, the residual ratio along the wvertical axis is the ratio
SN LG/ SE 21 [N L(gh)e]. L =3.4.5 versus the number of cycles performed: (i) one multigrid
cycle being a V-cycle with n e =npo =1, Vi and (ii) for &5 only, one single-grid cycle being the
equivalent number of finest-grid relaxation sweeps. |[(N.(¢7))| denotes the summation - over all
volumes at §; - of the absolute values of the A-th component in the first-order Euler defects, with ¢}
denoting the solution at Q, after the n-th multi- or single-grid cycle. Considering the corresponding
single-grid convergence histories, for both non-hypersonic cases, the effectiveness of the multigrid
method appears to be good.
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Figure 1. 128 X 32-grid (25) NACAQ012-airfoil.
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Figure 2. Convergence histories NACAQ012-airfoil at 1/Re =0
[ : single-grid, —— : multigrid).

2.3.2. Hypersonic blunt body flow. However, for the hypersonic blunt body flow the results appear to
be different. The forebody is composed out of two ellipse segments (Figure 3), given by

+ =2 =
{0.015] !

X
0.06

2 x <0, (3a)

x | y
[0.035 ] * [0.025

and a parallel part, given by
»=-0015]

»=0023] 0<x=<0.016. (3b)

As finest finest-grid, we consider here the 64X 32 C-type grid given in Figure 4. As coarsest grid, the
corresponding 4 X 2-grid is applied. (Hence, for this 64 32-grid we also have L =5.)

0.025

-0.015

Figure 3. Blunt forebody with canopy.
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Figure 4. 64X 32-grid (£5) blunt forebody with canopy.

With this gridding, with the basic computational method described before and with an initial solu-
tion ¢, which is equal to the upstream far-field boundary conditions, nor any flow solution could be
obtained. Already in the first relaxation sweep on the coarsest grid, the solution process broke down!
A nmew research topic was found: extension to hypersonics of the basic method’s applicability.

3. IMPROVED MULTIGRID SOLUTION METHOD

It can be quickly understood that even single-grid, hypersonic blunt body flow computations may
easily break down. In the initial phase of a steady flow computation in which strong solution pertur-
bations arise. a local iterate may be easily swept out of the convergence range of the local Newton
iteration and cause global divergence. (It is obvious that this may easily happen in the very first visit
to the stagnation domain. during the computation of a hypersonic blunt body flow which has been -
crgdel) - initialized to its hypersonic upstream flow conditions and in which a strong shock wave is
a.nsing.) Starting with a poor initial solution, one may gain in robustness by introducing a continua-
tion process pfeceding the nested iteration. In such a process, usually a single upstream boundary
confjmo_n. for instance M .. is increased from some low initial value to its correct high value, while
performing relaxation sweeps. Continuation processes like this require a tuning of both the initial
vulue. and the increment. For hypersonic flow problems. proper tuning is difficult because of the fact
that in these flows the condition numbers of the local derivative matrices used may be quite large.
(Th_e larger the L.‘()ndition numbers. the larger are the perturbations in the iterates induced by pertur-
bations in the right-hand sides: right-hand side perturbations which may already be quite large by
themglvcs in hypersonic flow computations.) The ill-conditioning occurring in hypersonic flow com-
pumuonsj can  be quickly illustrated for the 4x4 Eulerian  derivative  matrix
~V(pu. ou- +.P' puv. pufe +p/p)), where V/_:_(B-/au. 8/9v,3/9¢. 8/02)7, the differential operator applied
in our.soluuon method, and where ¢=V/ Yp/p and z=ln(pp 7). Considering for simplicity v =0 and
P =1 it clearly appears from Figure 5 that the condition of Y (pu. pu2+p. ouv, pu(e +p/p)) becomes
worse for u/¢—oc. Notice further that the condition becomes worse also for u/¢—0. The latter indi-
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Figure 3. Condition of typical derivative matrix to be inverted. v =0, p =1, 1/Re =0.

cates that stagnation flows become harder to relax with increasing upstream Mach number. (Further
investigations for 1/Re=%0 have shown us moreover that the poor performance of the point relaxation
method is not restricted to inviscid stagnation flows, but also holds for the very low speed flows
oceurring in viscous sublayers.)

3.1. Line relaxation

If aforementioned situations are really of local nature, line relaxation may be a robust remedy. In a
local, very low-subsonic flow region such as e.g. a viscous sublayer adjacent to the wall, relaxation
lines crossing that layer and running into the outer solution (Figure 6a) are affected to a smaller
extent by the low speeds than single volumes in that layer. For a strong hypersonic shock wave aris-
ing in an initially unperturbed flow field. a similar reasoning may hold for relaxation lines crossing
that shock wave (Figure 6b) and single volumes in or downstream of that shock wave.

In a viscous sublayer with high aspect ratio volumes (such as in Figure 6a), an additional advan-
tage of the properly directed line relaxation is that it is well-adapted to the corresponding strong cou-
pling in crossflow direction. In convection dominated flow regions on the other hand, a strong cou-
pling exists in flow direction. Here, relaxation lines are to be preferred which are more or less aligned
with the flow. So. if well-aligned. this is an additional advantage of lines crossing shock waves.

With line Gauss-Seidel relaxation as an alternative smoother, the basic multigrid method may in
principle be kept unchanged.

A—
i
o
M«
a. Viscous sublayer. b. Hypersonic shock wave.

Figure 6. Relaxation lines running out of difficult flow regions.
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3.1.1. Relaxation matrix. For line relaxation applied in an Euler flow computation, two basic types of
flows can be distinguished: flows with either (i) subsonic or (ii) supersonic velocity components along
the relaxation line considered. For the subsonic case, the upwind discretization scheme (correctly)
picks up its information from both upstream and downstream direction, with as a result: a block-tri-
diagonal relaxation matrix. For the supersonic case the result is a block-bi-diagonal matrix. For
Navier-Stokes flow computations a block-tri-diagonal matrix is the result in any case, except in the
rare case of supersonic velocity components and zero gradients of u.v and ¢~ along the relaxation line.
(Then a block-bi-diagonal matrix results again.) In all cases the blocks are 4X4-matrices. In imple-
menting the line relaxation, we did not put any special effort into an efficient solution of a block-bi-
or -tri-diagonal system; a solver for a general band matrix is applied.

3.1.2. Numerical results for supersonic flat plate flow. As test case for studying the convergence of
the multigrid method with line Gauss-Seidel relaxation as the new smoother, we start by considering a
supersonic flat plate flow with an oblique shock wave impinging upon the plate (Euler) or upon the
boundary layer (Navier-Stokes). The specific test case to be considered stems from Hakkinen et al.
9] It is the experiment at M ,, =2, Re=2.96 10°. Since in this experiment, the flow is known to be
laminar but yet hard to compute (because of the shock induced separation), it is a benchmark prob-
lem for laminar, 2D. compressible Navier-Stokes codes. A finest grid considered is the 80X 32-grid
shown in Figure 7. In all multigrid cases the coarsest grid considered is the corresponding 5X2-grid,
hence for the grid in Figure 7 we have L=5. The grids have been optimized for convection by a
stretching in flow direction and, in particular, by alignment with the impinging shock wave. A grid
adaptation for diffusion has been realized by a stretching in crossflow direction. The initial solution is
taken uniformly constant again and equal to the pre-shock inflow.

The convergence results are presented by the residual ratio EZ‘.:]|(N,‘(q'}_))k]/22 =1|(N (gDl
versus either the amount of computational work (expressed in some appropriate work unit). or the
(wall clock) time. In the residual ratio, N, denotes again the discrete operator on the finest grid
(either first-order Euler or first-order Navier-Stokes) and ¢] the iterate after the n-th work unit, with
¢} the iterate obtained by the nested iteration. All these flat plate flow computations have been per-
formed on a (two-pipe) Cyber 205.

For the Euler flow, the multigrid behaviors for Gauss-Seidel relaxation with successively points,
crosswise lines and streamwise lines, are given in Figure 8. The streamwise line relaxation is sym-
metric whereas the other two relaxations are asymmetric with natural downwind sweeps only. To
ensure a good comparison of the various convergence rates, we define a work unit to be equal to: a
single multigrid cycle with symmetric relaxation, and consequently: two multigrid cycles with
downwind relaxation only. Clearly visible in Figure 8 are the expected superior convergence rates
and the better grid independence of the streamwise line relaxation.

Figure 7. 80<32-grid (25) flat plate.
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In Figure 9, still for the Euler equations, for three different finest grids, the multigrid efficiency
with the streamwise line relaxation is compared with that with the point relaxation. The markers
correspond with those in Figures 8a and 8c. Though no special effort was put into an efficient imple-
mentation of the line relaxation, it appears that its efficiency is the same for €5 and better for 24 and
Q5. (The gain in efficiency on finer grids is of course a consequence of the better grid independence.)

Also for the Navier-Stokes situation (Re=2.96 10°), we consider the multigrid behaviors with
point relaxation, crosswise line relaxation and streamwise line relaxation. successively. Here, all relax-
ations are symmetric, because of the occurrence of the subsonic sublayer. Further, the finest grid con-
sidered here is 5 and a work unit is defined as one multigrid cycle with symmetric relaxation. The
convergence rates are given in Figure 10. Both for point Gauss-Seidel relaxation and streamwise line
Gauss-Seidel relaxation we have divergence at ;. (For the latter relaxation we even have divergence
at Q¢.) In both relaxation cases the cause of divergence is the increasing ill-conditioning directly above
the plate with decreasing mesh size normal to the plate. Here the crosswise line relaxation turns out to
be robust.
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Figure 8. Multigrid convergence histories for three types of Gauss-Seidel relaxation,
supersonic flat plate flow at M . =2, 1/Re=0.
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Figure 10. Multigrid convergence histories for three types of Gauss-Seidel relaxation,
supersonic flat plate flow at M, =2, Re=2.96 10°.

An objection that can be made against the use of crosswise line relaxation throughout the compu-
tation is that though it is well-adapted to the strong coupling in the viscous sublayer with its high
aspect ratio cells, it is not well-adapted to the opposite coupling in the outer flow. (There, streamwise
lines are to be preferred.) The switch in direction of strong coupling suggests an adaptive local line
relaxation to be optimal (Figure 11).

In conclusion: for the supersonic Euler flow considered. streamwise line relaxation appears to be
most efficient. Already with a relatively slow solver for the large linear system, streamwise line relaxa-
tion may be more efficient than point relaxation. For Navier-Stokes flow computations with a practi-
cally relevant resolution of the viscous layers, crosswise line relaxation is to be preferred. Its advan-
tage clearly is its greater robustness. It is less sensitive to a strong local ill-conditioning of the flow
equations.

3.1.3. Numerical results for hypersonic blunt body flow. Unfortunately, for the hypersonic blunt
body flow already considered in section 2.3.2, line Gauss-Seidel relaxation fails. In the next section we

return to point Gauss-Seidel relaxation and introduce a robustness improvement for it: a switch to
local, explicit time stepping.

Figure 11. Locally adapted relaxation lines.
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3.2. Switched-relaxation-evolution

In ;hls section we do not yet consider thfé possibility of accelerating hy personic flow computations by
multigrid techniques. Here, we first restrict ourselves to the relaxation method only. particularly to i
robustness. Further, we also restrict ourselves to the Euler equations (1/Re = (). A

‘As the remgdy against failure of the Newton process in the point relaxation method. we use
s.w1lcheid-relaxatlon-evoluuon technique. In this technique, we simply start applying the basic. collec-
tive point Gauss-Seidel relaxation method and take measures only as soon as the local Newton itera-

tl_on fails. To discuss these measures for robustness improvement, we consider the local, first-order
discrete Euler system

UTI/(‘II/)ET_ I(Qbi '?".‘./)F(T((pl + ’:_}/)ql,,- T(d); + ‘;.])([, . 1_1)[, g T
T )(‘1): '—":‘/)F(T(qb:* ’:4/)% L= T(¢l '../)%.,V, Ly ks

T ) I(qbl,/ +’:)F(T(¢)I./ + ’:)(/1‘,- T(¢I.[ + “_‘)‘[,x,, . 1)1,/ T
T l((ri:'l.[ - ":)F(T(¢1./ ’:)‘11./ - 1 T(‘f):,, )‘{,1_’,)[,‘, =0, 4

where T (¢) denotes the matrix for rotation to a local coordinate system. Fgy'. ¢ the numerical fus
function (with its left and right cell face states ¢’ and ¢”) and / the length of  finite volume wall. (For
further details we refer to Hemker and Spekreijse [1].)

3.2.1. Failing Newton iteration. As a non-failing Newton iteration to solve ¢, , from Equation (4) we
define: a Newton iteration for which: (i)

or n+l
W00 Wl )y i 034 v, (5
‘(Lﬂ/(q:'/))/\\ N

for any n-th Newton iterate (n =0,1....N) and each of the four residual components. and for which
(ii) each iterate 47" is physically correct. with physical correctness defined in the following way
Considering the local iterate ), = (ufl;, vi,. ¢l =7 )" and the corresponding hy personic. upstream state
VECLOT ¢ o = (U oy Vs € s T ). we know that the flow speed may not exceed the value corresponding
with adiabatic expansion to vacuum, starting from upstream conditions:

5

b R N
(l‘;f/)2+("1{/)2<11} vyt e Yo 16}
Further, we know that after this expansion, the speed of sound equals zero. ity mintmalhy allowable
value:

<'j’_l>0. V., (7

The maximally allowable value of the speed of sound is that corresponding with the stugnutiqn tem-
perature (which is the same for both isentropic and non-isentropic compression). For adiabatic flows
we can write:

y—1

o < 3+ (us +vie). VYo, (%
N c 3y
For the lower limit of =/, we can directly write with the entropy condition:
= (9
-1./2- P VI.]'

For the upper limit of =7, we have to consider the state ¢ at the dow n>trs:;un‘>.idc of a ‘zx«fr-xlm;nl‘ ,\}h‘:‘l\
wave which has at its upstream side a state 4, which has expanded to vacuum. departing from
upstream conditions. Given the gas dynamics relations
2yMi v D) ()
pE T
(y+ M7

IS AR A Lluby
(y— DM +2

P2
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PRI =P P’ (10¢)
it is clear that

2} <limy _In(papy =00, V,,. an

Summarizing, we see that in adiabatic flows both the flow speed and the speed of sound have a physi-
cal lower and upper limit. The entropy only has a lower limit.

In the algorithm, the relations (5)-(9) are checked after each update in each local Newton itera-
tion. As soon as one or more of these five requirements are not satisfied, that local Newton iteration
is said to have failed and the corresponding local correction found is rejected.

3.2.2. Evolution technique. As the alternative for a failing Newton iteration, we apply next one or
eventually two explicit time stepping schemes to the local, semi-discrete system

99, ]
— =0. (12
o A, Gy )
with for g; ; here the conservative state vector (p,_r,,(pu),.},,(pv),v.‘,,(pe),_,)r and for 4, the area of finite

volume &, ;.

As time stepping scheme to be applied first, we take the following version of the explicit, two-step
rational Runge-Kutta scheme of Wambecq [10]:

n 2 n
n+l T"‘j ‘f’-,/(q“/)

4l =g e © n=0.1,...N, (13)

A‘~I Z‘Tr/(‘lf'/) ”LT:;(‘];I/ - l/-’w'rﬁ»/ /AI./L‘"I./(q:{/))
with w a possible damping factor for which we initially take =1, and with 7}/, the local time step for
which we safely take the one which is maximally allowed for the forward Euler scheme:
Al hl
e PRl (14)
‘ su d‘f'f:,/(/{,._/)
P dq

i

with h; ; a characteristic local mesh size. With our upwind discretization, Equation (14) may be rewrit-
ten by good approximation as

11,_‘/

V (U:I./)Z'*'(V;I./)- +a

For the evaluation of the denominator in scheme (13) we use the Samelson inverse of a vector:

§ =872, (16)

& being a vector, whereas for the norm of a vector, we simply use the Cartesian inner product. As ini-
tial solution we take the same qff/ that just failed for the Newton iteration. The motivation for apply-
ing this scheme is its good stability as demonstrated in Wambecq [10] for a stiff’ and coupled system
of four equations, which is precisely what we have here in hypersonics. However, a potential danger
of scheme (13) is that there is no guarantee for the denominator to be non-zero.

To protect Wambecq's scheme against a possibly too large time step and against a (nearly) zero
denominator, in each time step we require both the predictor and corrector to satisfy the conditions
(6)-(9). As soon as a physically unrealistic value occurs, the time stepping is stopped immediately,
rejecting any update made. Then, at first we assume that the unphysical result is due to a too large
time step. Therefore, as a remedy, we take w=1: and restart the time stepping with Wambecq’s
scheme, using the same 47 ,. In case of re-occurrence of something unphysical, we assume that the
denominator was the problem. Therefore, as a new remedy, we restart with an explicit time stepping
scheme which is safe in this sense; the simple forward Euler scheme
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For 77, in scheme (17) we also apply that according to relation (14). Further, for w we continue with
w=1/5 and for qf"‘, we also take the same as before. When a physically unrealistic value (according to
the conditions (6)-(9)) occurs again, w is halved for the second time and the time stepping with for-
ward Euler is restarted, still using the same ¢} ,. In case of something unphysical once more, the time
stepping is stopped and the finite volume visited is left without any update being made. (Notice that
for both time stepping schemes, we do not require condition (5) to be satisfied.)

With the present switched-relaxation-evolution approach we expect that in those volumes where
Newton iteration fails, the local evolution technique will finally bring the solution into the attraction
domain of the Newton iteration (for the next sweep) and so make itself quickly superfluous.

3.2.3. Numerical results for hypersonic blunt body flow. To illustrate the benefits of the switched-
relaxation-evolution approach we consider again the hypersonic blunt body flow at M. =8.15,
«=30°. In Figure 13, for the 16X8-. 32X 16-, and 64X 32-grids shown in Figure 12, we give the
corresponding convergence behaviors obtained by the switched-relaxation-evolution technique. The
residual ratio along the left vertical axes is again the ratio S NG/ 2 (Nig)i| - Here,
the solution ¢} is the uniformly constant initial solution, which is equal to the hypersonic upstream
boundary conditions. (Notice that these are single-grid results.) The quantity along the right vertical
axes is the permillage of volumes in the total number of finite volumes visited during one cycle (one
cycle being defined as two diagonally opposite. symmetric switched-relaxation-evolution sweeps), in
which a switch to the evolution approach is made.

The robustness of the switched-relaxation-evolution technique is clear. For none of the cases con-
sidered is there an abortion of the solution process due to overflow or such. We even have conver-
gence for all three cases. Further, from Figures 13b and 13c it appears that the evolution technique
makes itself superfluous indeed in the course of the iteration process. The extension to Navier-Stokes
can be quickly made. Only the time step needs to be reconsidered for diffusion. For this we refer to
e.g. Hindmarsh et al. [11].

%
a

0.15

W
A

AN
N

m\“‘

W\
A

i

5%
00t

0.05

g,

110000
g e te

Iy
\ \\l\\:““‘\\‘“ R
X \\{‘\‘\\\\‘\‘\\
OROR
\ R

-0.15 -0Z 05
7 o
2
i
Wi
i,

7
/7
i

]

a. 16 X8-grid. b. 32X 16-grid. ¢. 64X 32-grid.

Figure 12. Grids blunt forebody with canopy.
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Figure 13. Single-grid convergence results switched-relaxation-evolution technique,
blunt forebody with canopy at M, =8.15, a=30°.

Notice that the convergence slow down with decreasing mesh size is expected for a plain relaxa-
tion method and is supposed to vanish by application of a suitable multigrid technique. Unfor-
tunately, the switched-relaxation-evolution technique combined with the basic multigrid method as
described in section 2, does not lead to satisfactory results; see Figure 14, with here for ¢} the
approximate solution obtained by the nested iteration. Standard changes to the multigrid algorithm,
such as for instance the replacement of V-cycles (n,=1) by W-cycles (n,=2) do not help. It appears
that when applying multigrid to hypersonic test cases, in the standard way as described in section 2,
local coarse-to-fine grid corrections may be transferred which sweep the corresponding fine grid
iterates out of the attraction domain of the pure relaxation technique and even out of that of the
switched-relaxation-evolution technique. The cause of these problems may be either the coarse grid
corrections themselves, or the prolongation operator, or the combination of both. Therefore, in the
next section, to avoid possibly bad coarse grid corrections, we present a local damping technique for
the restricted defects and hence - implicitly - a local damping technique for the coarse grid correc-
tions. To avoid a possibly bad correction transfer, in the next following section we also present an
alternative prolongation: a direction-dependent prolongation. The improvements have already been
published in Koren and Hemker [12]. For reasons of simplicity, here we keep ourselves restricted to
the Euler equations.
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Figure 14. Convergence histories blunt forebody with canopy at M, = 8.15, a=0°
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However, in hypersonic flow computations, ¢/, and ¢/ *'" may strongly differ from each other and
as a consequence also both Jacobians in relation (23). For example, a hypersonic shock wave which
is detached on Q,, may easily be attached on ,_. with as a probable consequence that there, locally
relation (23) is not satisfied at all. If relation (23) is not satisfied, in particular if this is only very
locally the case, damping of the restricted defect at those places might be useful. For optimal two.
grid convergence, from Equation (22) we derive as local damping factor for the defect in finite volume
(8/-1);j» to be applied in the (n +1)-st multigrid cycle:

NV =Dl
max [”(N})z. 12y IO D= gy N i ) 1 “‘”(N})ZI.Z/H]

(Sl—l)i.j‘_‘min 1, n=0.1..,N, (25

with N;_|=dN,_(¢}-1)/dq, -\, with N;=dN,(q} """)/dg, and with ||| some matrix norm. Notice
that the local damping factor (25) is more or less the 2D equivalent of the 1D damping introduced by
De Zeeuw [13]. To see if some additional gain can be obtained by also allowing local defect
amplification, in a numerical experiment we will also consider

”(N; —1 )1,_/“
max [I(V;) - 13 IOV s 1y N 1 1V ]

(877} )i = n=0.1...N (6

At convergence of the solution, the defect multiplication will also have converged. both in case of
multiplication (25) and in case of multiplication (26). However. as opposed to the correction damping
proposed by Reusken [14], the present defect multiplication will probably not have vanished at con-
vergence, neither in case of (25), nor in case of (26).

3.3.2. Numerical results for hypersonic blunt body flow. We proceed with evaluating the two defect
multiplication techniques proposed. As the starting point for improvement we consider the multigrid
results given in Figure 15. The results have been obtained for the blunt forebody with canopy at
M =8.15, «=0°, without any multigrid improvement and without nested iteration. but with the
sw1tched relaxation-evolution approach. The initial solutions ¢7, / =1.2,....L are taken uniformly con-
stant and equal to the hypersonic upstream boundary conditions. In this way we obtain a poorer ini-
tial approximation, but we have a more discriminating test problem and we are ensured of an unam-
biguous evaluation, since g7, {=1.2.....L will be the same for the different multigrid improvements to
be considered.
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Figure 15. Multigrid convergence histories blunt forebody with canopy at M, =8.15, a=0°.
without nested iteration and without any multigrid improvement.
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With damping (25) as the defect multiplication, we obtain the convergence results given in Figure
16a. With the defect multiplication according to relation (26), both damping and amplification, we
obtain the convergence results given in Figure 16b. For the matrix norms, in both relation (25) and
relation (26). we applied the Frobenius-like norm

VD2 122 | B s (VDR | @7
2.2

the factor 2/ simply accounting for the fact that in our case N/(g)) is ajline integral form. Correspond-
ing with the results in Figures 16a and 16b, in Figures 17a and 17b we show distributions of the mul-
tiplication operator S; ..|,L =35 (the multiplication factor distribution on ), as applied in the last
(i.e. the 10-th) multigrid cycle. In both cases the local damping is confined to only the close neighbor-
hood of the blunt body. Locally, in Figure 17b the damping appears to be a little bit stronger than
that in Figure 17a. However, globally this is more or less compensated by the local amplifications.
Notice that the maximal amplification factor that was found to be applied in Figure 17b is still O(1)
only. The minimal damping factors in Figures 17a and 17b are much larger than those found by De
Zeeuw [13] for his specific nonlinear test case. A second difference is the good improvements found
by De Zeeuw [13] for his basic multigrid method’s performance and the present modest improve-
ments. Both differences suggest that (at least) for the present test case, in order to significantly
improve the results presented in Figure 15, defect multiplication is not needed as much as improved
grid transfer operators; the topic of the next section.
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Figure 16. Multigrid convergence histories blunt forebody with canopy at M . =8.15, a=0°,
with defect multiplication.
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Figure 17. Distribution multiplication factors applied on £, in the 10-th multigrid cycle,
blunt forebody with canopy at M . =8.15, «=0°.

3.4, Direction-dependent grid transfer operators

3.4.1. Prolongation. The standard, piecewise constant correction prolongation may be illustrated as in
Figure 18. In mathematical terms, solution correction by means of the piecewise constant correction
prolongation may be written as

(g7 )2 1.2 1 = (g, - Ly T )y,
G 12 =@ 0, g ),
(97" 2127 1 =@M 1 (g 1) (28a)
(g1 )22 = (g5, Qg )
with
(Agy - )i =), — (g™, e (28h)

The direction-dependent correction prolongation that we propose now can be illustrated as in Figure
19. In mathematical terms - analogous to formulae (28) - solution correction by means of this
direction-dependent prolongation is written as

@™ 1210 =@ 1 4 |Ag ), g ), :,],
(@) -1 =@y G [(Aq/ D T Ay, [),_,u_},
@0 =@y 8 :(Aq/ Divey H(Ag ), 1,]. (294)
@y =@ a0, B ]

with the four fine grid cell center corrections (Figure 19b) defined as ceniral averages of the course
grid cell face corrections (Figure 19a). The coarse grid cell face corrections are defined by
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Given a left and right cell face state (gjer and ¢ign ). for a general 1D upwind scheme, a cell face
state ¢, may be computed from

f(qmce) = F([[Iel'h f/right )« (30)

where f(q) and F(Gjer>Gright) denote the exact and numerical Euler flux function, respectively. A
drawback of the Euler equations is that obtaining a primitive state vector like e.g. ¢ = (p.u, v,p)T from
f(q)z(pu,puz +p,puv,pu(e+p/p))7 requires the solution of a quadratic algebraic equation. For-
tunately, with the P-variant of Osher’s scheme (see Hemker and Spekreijse [1]), for most Riemann-
problem cases arising in aeronautics F(q]en,qrighl)?f(q.). g. being a well-defined, single state vector
on the wave path connecting ¢jer and ¢ rignt in state space. Hence, with the P-variant, in most cases -
without evaluating F(gengrign) - We can directly identify gry. as ¢ =¢.. For the O-variant of
Osher’s scheme (see Hemker and Spekreijse [1]), in almost all Riemann-problem cases arising in
aeronautics F(qjer, ¢ right) 18 found to be the sum of three different fluxes f(¢). In these cases, because
of f(g)'s nonlinearity, the previous simple procedure is not possible. In the (rare) cases where the P-
variant also leads to a sum of fluxes, we solve the quadratic equation and in case of a positive
discriminant and one zero being physically irrelevant (negative p and/or p). we take the zero which is
physically relevant (positive p and p). In all other cases. we simply take G tace = Y2Aq1en G rgn,).
Because of the consistency of Osher’s scheme at boundaries, there the present upwind prolongation
can also be applied in a consistent way. Notice that the upwind prolongation may lead to cell face
states which are local extrema in state space. In conclusion, we emphasize that by replacing the
piecewise constant prolongation operator by the present upwind prolongation operator, the complete
numerical method has become more consistent. Both the discrete Euler operator and the correction
prolongation operator are upwind now, both being based on the same upwind scheme: the P-variant
of Osher’s scheme.

3.4.2. Restriction. A provable consequence of the upwind prolongation is that no restriction operator
I,I ~T can be made for which the coarse grid finite volume discretization is a formal Galerkin approxi-
mation of the fine grid finite volume discretization. The possibly most effective restriction operator
that can be really made is the exact adjoint of the nonlinear prolongation operator.  Unfortunately -
as opposed to the upwind prolongation - the exactly adjoint restriction operator will certainly lead to
a significant increase of the computational overhead. More suitable seems to be a linear approxima-
tion of the exact (nonlinear) adjoint. For this we write the latest obtained coarse grid cell face states
as linear combinations of the corresponding left and right states:

(Grace )k = (Grer s (1= @ N Grign sk =1,2.3.4, (31a)
(Frace W/ (G rign ) — 1 +e/2
(Grerdn /(G rign )k — 1T €
where ¢ is the conservative state vector, q:(pspu,pv,pe)". and € a small parameter which guarantees

that (¢pace)x 1s @ central average in case (Gen )k = (G rign)r = (Grace - With next the central computation
of the fine grid cell center states, we then have

€], (31b)

(G2 - 1.9 =g 125 =1k =) G O 1yt
'/-’[2“(”/ Vi — a1y, ’_‘Ajl(q/ Doyt
Ylag ey ealgr1)y s ko 1234 (32a)
(91D - 1.2,k =g 1)y 2k =)y D)0 gt
4 [1 =ar- ) gn tlar )y l.A]“// Dt

& {]”(al l)l./ } '_-,A:i(C// |),,/ Pk k=1,2.3.4, (32b
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(@022~ =G )a gy 1k =1 [1 —(a-)i+ ';./.A](({/— Div it
b [1 gk (@ )iy - ’:.k](‘// ik T
(ap 1)y - a(qr 1)y -1k kK =1.2,3.4, (32¢)
@226 =] 11 D2y =" [1 —(a-1) +',-.j,k](f{1 ik T
) [(a/ ik @ )i+ I;./\-] (Gr-iju T
b [1 —(a 1), +';,k](‘[/~l)1,_,‘+l.kv k=12,3,4 (32d)
With for g the conservative state vector q:(p,pu.pv,pe)T, the linear relations (32a)-(32d) display how
the upwind prolongation distributes mass, momentum and energy from a coarse grid to the overlying

finer grid. For the approximately adjoint restriction operator (i.e. the approximation of the exact non-
linear adjoint), we can then write

(Fp=Dga =8 a =0 [1 —(a;-y); —',n,.A] [(f/)z, —2.2j -1k T —2.2_/.4 +
4 [1 (@ 1)y~ ';./\] [(r/)zf~|.2, —ak (D2 —2./\} +
Va1 )i+ gk [(f/)zl +1.2) = Lk T ()2 +1.2j.k] +
Ylag )i+ ek {(r/)zi~ 13+ 1k T2 2 + I.k] +

Ve \2=(ap ) -k — (@ 1)y - ,_,_,\} (r)2i—12j -1k T

"

AT =(ay )i gh T -1)iy + ':.k]("/)zi —12ik T

Y [:1 ). ik (4 -y )l./ -*‘:./(:|(r/)li. 2~ Lk +

2 (H[ 'I)l LERYNS +(a - )1,‘/ + ’:.I\](rl)ll.l_/‘/\* k=12.3.4. (33)

Of course, the weak spot in the approach (31)-(32) is the linear approximation of the nonlinear pro-
longation. In case (¢pee)r 1s a local extremum, i.e. does not lie in between (gien)x and (grignds, we
have a negative coefficient in relation (31a) (either a; or 1—a) and hence also in relation (33). We
do not accept this situation. If occurring, locally and for that k-th component only, we neglect how
the upwind prolongation really was and simply consider (g e )k = 2(G1er )k (G righ )k )-

3.4.3. Numerical results for hypersonic blunt body flow. We now proceed with evaluating the
direction-dependent grid transfer techniques. As starting point for improvement we consider again the
multigrid results as obtained for the blunt forebody with canopy at M =8.15, «=0° without any
multigrid improvement. but with the switched-relaxation-evolution approach. (See Figure 20, which is
the same as Figure 15.) The multigrid behavior obtained after having replaced both the basic correc-
tion prolongation operator and the basic defect restriction operator by the direction-dependent opera-
tors, is given in Figure 21a. (We remark that defect damping is not applied.) With upwind grid
transfers only. the improvement with respect to Figure 20 is significant indeed.

Replacing in the basic multigrid algorithm only the standard correction prolongation (by the
upwind prolongation). we obtain the multigrid performance given in Figure 21b. These results are
only a little bit less good than those in Figure 21a and hence make us conclude that the previous,
rather cumbersome efforts in also upwinding the defect restriction, do not pay off enough. Therefore,
in the following we refrain from applying the upwind restriction.
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Figure 20. Multigrid convergence histories blunt forebody with canopy at M, =8.15, a=0°,
without nested iteration and without any multigrid improvement.
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3.5. Numerical results for hypersonic blunt body flow through combinations of multigrid improve-
ments

3.5.1. Combination of defect damping and upwind correction prolongation. Though the two-grid con-
vergence analysis in section 3.3.1 assumes that the prolongation operator is linear. see Equation (21),
no reason exists why local defect multiplication would have a detrimental effect in combination with
the nonlinear upwind prolongation. Therefore. in the present section, we show the multigrid perfor-
mance for the combination of both defect damping and upwind correction prolongation. (Because
the results in Figure 16b already showed not to be better than those in Figure 16a and because of the
potential danger for divergence which is inherent to the allowance for local defect amplification, in the
following - for the defect multiplication - we apply relation (25). i.e. damping, only.)

Combining both multigrid improvements as considered separately in sections 3.3 and 3.4, we
obtain the results presented in Figure 22. Comparison with the results in Figure 21b learns that the
combination of both techniques yields an only slightly better multigrid performance. We proceed with
further investigating the combination. In Figure 23a we show the distribution of the operator
Sy -1.L =35, as applied in the last (i.e. again the 10-th) multigrid cycle: a cycle in which the solution
has already converged. First we notice that the damping has not vanished indeed. Further we notice
that though the solution must be symmetrical around the front ellipse, the damping factor distribution
is not. Cause of this is the fact that in the coarse grid problems, for the initial iterate, we take the
latest iterate computed. (See the description of the nonlinear multigrid iteration in section 3.3.1:
Equation (19).) By using the latest obtained iterate, the influence of the very first iterates is still felt,
iterates which - due to their poor level of convergence - are not yet symmetrical around the front
ellipse. An experimental proof of this explanation is given in Figure 23b in which we show the con-
verged damping factor distribution for a strategy with solution restriction. Here, the converged damp-
ing factor distribution around the front ellipse is clearly symmetrical indeed. Notice that in both Fig-
ure 23a and Figure 23b the applied damping is modest. In Figure 23b - the case with solution restric-
tion - it is even weaker than in Figure 23a. However, taking the restriction of the solution on the
coarser grids usually leads to a slower convergence than taking the latest available coarse grid iterates.
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Figure 22. Multigrid convergence histories,
blunt forebody with canopy at M, =8.15, a=0°,
with both defect damping and upwind correction prolongation.
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Figure 23. Converged damping factor distributions on £,
blunt forebody with canopy at M, =8.15, @=0°,
with both defect damping and upwind correction prolongation.

3.5.2. Combination of defect damping, upwind correction prolongation and nested iteration. Compar-
ing the basic multigrid method’s results as presented in Figures 14 and 15 - results obtained wirh and
withour nested iteration, respectively - clearly shows the natural beneficial influence of nested iteration.
For the improved multigrid method, the method with defect damping and upwind correction prolon-
gation, the benefit of nested iteration (consistently, with upwind solution prolongation) is observed by
counting the number of finite volumes in which - locally - the switch is made from the relaxation
technique to the evolution technique (Figure 24). In both Figure 24a and Figure 24b (without and
with nested iteration, respectively), the quantity along the vertical axis is a scaled number of switches
made during the a-th multigrid cycle (1 =1,2,...,10), the scaling factor being the total number of
volumes visited during one nonlinear multigrid cycle; a V-cycle with np. =n,0 =1 and with sym-
metric relaxation sweeps. (Notice that the scaling factor increases when going from €3 to Q4.) The
non-zero percentage at n =0 in Figure 24b indicates the total amount of switches made during the
nested iteration. For all four grids considered, the expected positive influence of the nested iteration
appears to be significant.

In Figure 25 we give the multigrid convergence behavior corresponding with the latest favorite
strategy, the strategy with defect damping, upwind prolongation and nested iteration. In this figure.
for Q. a comparison is also made with the corresponding single-grid convergence behavior. In Figure
26 we show the corresponding converged damping factor and Mach number distributions. Notice tha
the smallest damping factors are mainly concentrated along the bow shock. in particular there wher
the jumps across the shock are largest. Finally, we show results again for the more interesting reentr
case M, =8.15, a=30° Also for this test case, the convergence results (Figure 27) show th
beneficial influence of the changes in the basic multigrid method. Given the very low convergenc
rate of the single-grid computation (Figure 27a) and given the absolute failure of the basic multigri
method (Figures 27a and 27b), the multigrid improvements do not just appear to be a nice luxur
but a real necessity. Analogous to Figure 26, in Figure 28 we still show the converged damping facts
and Mach number distributions. Notice that - like in Figure 26a - the smallest damping factors
Figure 28a are located at the most pronounced part of the bow shock.
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Figure 28. Converged results blunt forebody with canopy at M, =8.15, a=30°,
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Concerning the efficiency of the improved multigrid method. one may find the paradoxical result
that one multigrid cycle with both defect damping and upwind correction prolongation is still cheaper
than one multigrid cycle without both. The cause of this simply is that the computations with the
improved multigrid method may result in a significantly smaller number of switches from the local
relaxation to a local evolution during the smoothing phases and hence in a lower computational cost.
Concerning the efficiency of the upwind computation of cell face states (as applied in the upwind pro-
longation), for the test cases considered it appears that with the P-variant, at almost all cell faces it
holds that F(ger-¢rgn) = f(g.)- (For both Q-multigrid cases considered in this section, solving a
quadratic equation for ¢y, appears to be necessary at about 1% of all cell faces only.)
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To finish, we summarize the improved multigrid algorithm. the improvements being indicated in
bold.

Nested iteration:

- Choose q,.

- Improve ¢, by a single nonlinear multigrid cycle.

- Transfer the improved approximation ¢, to ,, by applying the upwind prolongation operator.

- Improve ¢, by a single nonlinear multigrid cycle.

- Continue the previous process until an initial estimate for ¢; has been obtained by upwind prolon-
gation of ¢, .

Nonlinear multigrid iteration:

- Apply n e pre-relaxation sweeps to N/(q)=r;.

- Compute the defect d;=N(g))—r, and restrict it: d;_,=1]""d,.

- Compute the local damping factors (S, - ), ; and damp the restricted defect: d;_,: =S, ,d, ;.

- Compute the right-hand side r, ;= N, - 1(¢/-1)—d)-.

- Approximate the solution of N, _,(g,—)=r, -, by the application of 1, nonlinear multigrid cycles.
- Correct the current solution, by applying the upwind prolongation operator.

- Apply npeq post-relaxation sweeps to Ny(q)=r,.

4. CONCLUSIONS

For the hypersonic test cases considered in this paper, the essential element for robustness of the
smoother is the continuous monitoring of both the local relaxation and the local evolution. The
essential element for convergence appears to be the combination of Newton iteration, Wambecq’s
explicit, two-step rational Runge-Kutta scheme and the explicit Euler scheme. For steady Navier-
Stokes flow computations at a finite Reynolds number, the proposed checks on physical correctness
can be maintained as long as the flow remains adiabatic. Only the time step needs to be reconsidered
for diffusion.

A satisfactory remedy against divergence of nonlinear multigrid appears to be the combination of
a (local) damping of the restricted defect and a (global) upwind prolongation of the correction.
Besides a positive influence on the robustness of the algorithm, the combination of upwind prolonga-
tion and defect damping also has a positive influence on the computational efficiency. Application -
in addition - of an (approximately adjoint) upwind restriction operator does not really pay off. For
the test cases considered, the best improvement is obtained by the application of the upwind prolon-
gation operator. With this operator we have achieved a greater upwind consistency throughout the
complete numerical method. For sake of clearness, we remark that the separate merits as observed
here for the multigrid improvements, may well be different for other test cases. Just as for the
switched-relaxation-evolution approach, the multigrid improvements are not restricted to the Euler
equations, but can be carried over as well to the Navier-Stokes equations.

Finally, we remark that the new techniques are such that the improved algorithm, just like the
basic algorithm, do not require any tuning of parameters.
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